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Motivation

Di®erentphasesof QCD occur in the universe

Neutron Stars, Big Bang

Exploring the phasediagramis important to understandingthe phase
that we happen to live in

Structure of hadronsis determinedby the structure of the vacuum

Needto understandhow vacuumcan be modi¯ed

QCD simpli¯es in extremeenvironments

Study QCD matter in a regimewherequarks and gluons

are the correct degreesof freedom
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QCD PhaseDiagram
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Quantumchromodynamics

Elementary ¯elds: Quarks Gluons
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Phasesof GaugeTheories

Coulomb Higgs Con¯nement
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Phasesof Matter

phase order broken rigidity Goldstone
param symmetry phenomenon boson

crystal ½k translations rigid phonon

magnet ~M rotations magnetization magnon

super°uid h©i particle number supercurrent phonon

supercond. hÃÃi gaugesymmetry supercurrent none(Higgs)
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GaugeSymmetry

Local gaugesymmetryU(x) 2 SU(3)c

Ã ! UÃ D¹ Ã ! UD¹ Ã

A¹ ! UA¹ Uy + iU @¹ Uy F¹º ! UF¹º Uy

Gauge\symmetries" cannot be broken

Gauge\symmetries" can be realizedin di®erentmodes

Coulomb Higgs con¯ned

d.o.f: 2 (massless) 3 (massive) 3 (massive)

Distinction betweenHiggsand con¯nementphasenot always sharp

7



ChiralSymmetry

De¯ne left and right handed¯elds

ÃL;R =
1
2

(1 § ° 5)Ã

L

R

Fermioniclagrangian,M = diag(mu ; md; ms)

L = ¹ÃL (iD=)ÃL + ¹ÃR (iD=)ÃR

+ ¹ÃL M ÃR + ¹ÃR M ÃL

L RL

L R R L

R

M M

M = 0: Chiral symmetry(L; R) 2 SU(3)L £ SU(3)R

ÃL ! LÃL ; ÃR ! RÃR
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ChiralSymmetryBreaking

Chiral symmetryimpliesmassless,degeneratefermions

m(1=2) +

N = 935MeV m(1=2) ¡

N ¤ = 1535MeV

Chiral symmetryis spontaneouslybroken

h¹Ãf
L Ãg

R + ¹Ãf
L Ãg

R i ' ¡ (230MeV)3 ±f g

SU(3)L £ SU(3)R ! SU(3)V

Consequences:dynamicalmassgenerationmQ = 300MeV À mq

mN = 890MeV + 45MeV (QCD; 95%)+ (Higgs; 5%)
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Low EnergyE®ectiveLagrangian

Low energydegreesof freedom:Goldstonemodes

U(x) = exp(i¼a¸ a=f ¼)

E®ectivelagrangian

L = L =
f 2

¼

4
Tr[@¹ U@¹ Uy] + (B Tr[M U] + h:c:) + : : :

controls
Goldstonebosonscattering

Couplingto externalcurrents

Quark massdependence
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Symmetriesof the QCD Vacuum:Summary

Local SU(3) gaugesymmetry

con¯ned: V (r ) » kr

Chiral SU(3)L £ SU(3)R symmetry

spontaneouslybroken to SU(3)V

Axial U(1)A symmetry

anomalous: @¹ A0
¹ =

Nf

16¼2 Ga
¹º

~Ga
¹º

Vectorial U(1)B symmetry

unbroken: B =
R

d3x ÃyÃ conserved
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Notes

QCD with generalNf ; Nc (with or without SUSY)

There are asymptoticallyfree theories

without con¯nementand/or chiral symmetrybreaking

QCD with Nf = 3

con¯nement implieschiral symmetrybreaking

symmetrybreakingpattern SU(3)L £ SU(3)R ! SU(3)V unique¤

order parameterh¹ÃÃi 6= 0
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QCD PhaseDiagram:Nc andNf
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QCD SUSY QCD

conformal

Coulomb

no chisb, confinement

chiral symmetry breaking, confinement

no ground state
chiral symmetry breaking, confinement

IR freeb=0 b=2 

b'=0

conformal

'weak' chiral symmetry breaking
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Approachingthe PhaseDiagram:

SymmetriesandWeakCouplingArguments

T

mme

QGP

pion
gas

critical

critical

critical

color

superconductor

neutron gas
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Approachingthe PhaseDiagram:

StronglyCorrelatedPhases

T

mme

QGP

pion
gas

critical

critical

critical

color

superconductor

neutron gas

sQGP

nuclear liquid BCS

Hagedorn

BEC-
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Approachingthe PhaseDiagram:

ExperimentsandNumericalSimulations

T

mme

HIC's

lattice

RHIC's

neutron stars
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Part I: QCD at Finite Temperature

The HeavyIon Programat RHIC

T

mme

QGP

sQGP
sQGPRHIC's
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The High T Phase:QualitativeArgument

High T phase:Weakly interacting gasof quarks and gluons?

typical momentap » 3T

Large anglescatteringinvolveslarge momentumtransfer

e®ectivecouplingis small

Small anglescatteringis screened(not anti-screened!)

couplingdoesnot becomelarge

Quark GluonPlasma
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Lattice QCD

Euclideanpartition function

Z =
Z

dA¹ dÃ exp(¡ S) =
Z

dA¹ det(iD= ) exp(¡ SG )

Lattice discretization:
n+mn

U¹ (n) = exp(igaA¹ (n))

D¹ Á !
1
a

[U¹ (n)Á(n + ¹ ) ¡ Á(n)]

(Ga
¹º )2 !

1
a4 Tr[U¹ (n)Uº (n + ¹ )U¡ ¹ (n + ¹ + º )U¡ º (n + º ) ¡ 1]

Monte Carlo:

Z
dA¹ e¡ S ! f U(1)

¹ (n); U(2)
¹ (n); : : :g
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Lattice Results

order

parameters
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BNL andRHIC
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Multiplicities

Star TPC
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Multiplicities
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HeavyIon Collisions

z

t

projectile target

pre-equilibrium

hadrons

QGP

h =constt =const

Scaling(Bjorken) expansion

all comovingobserversare equivalent
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Bjorken Expansion
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RadialFlow

Radialexpansionleadsto blue-shiftedspectra
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Elliptic Flow

Hydrodynamic
expansionconverts

coordinate space
anisotropy

to momentumspace
anisotropy

b
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source: U. Heinz (2005)
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Elliptic Flow II
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Viscosity

Energymomentumtensor

T¹º ! T¹º + ´ (r ¹ uº + r º u¹ ¡ tr ace)

perturbativeQCD

´ = 107T3=(g4 log(g¡ 1))

universalbound (D. Son)?

´ =s ¸ 1=(4¼)

bound saturated in strong cou-
pling SUSY theories with gravita-
tional dual

(GeV)Tp
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

)
T

(p
2v

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

 6.8 fm (16-24% Central)»b 

 = 0.1ot/sG

 = 0.2ot/sG

 = 0ot/sG

STAR Data

source: D. Teaney(2003)
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Jet Quenching

RAA =
nAA

Ncol l npp
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Jet QuenchingII

Disappearanceof away-sidejet
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Jet Quenching:Theory

energylossgovernedby

q̂ = ½
Z

q2
? dq2

?
d¾
dq2

?

0. 1 1 10 100
0. 01

0. 1

1. 0

10. 0

 ( GeV/ f m3)

  
q 

(G
eV

2 /f
m)

RHIC data

pion gas

cold nuclear matter

QGP

larger than pQCD predicts?

source: R. Baier (2004)
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GaugeTheory at StrongCoupling:HolographicDuals

The AdS/CFT duality relates

large Nc (Conformal) gauge

theory in 4 dimensions
,

string theory on 5 dimensional

Anti-de Sitter space£ S5

correlation fcts of gauge

invariant operators
,

boundary correlation fcts

of AdS ¯elds

hexp
Z

dx Á0Oi =

Zstr ing [Á(@AdS) = Á0] z x

The correspondenceis simplestat strong couplingg2Nc

stronglycoupledgaugetheory , classicalstring theory
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GaugeTheory at StrongCoupling:Finite Temperature

Thermal (conformal) ¯eld theory ´ AdS5 black hole

CFT temperature ,
Hawking temperatureof

black hole

CFT entropy ,
Hawking-Bekensteinentropy

=area of eventhorizon

s =
¼2

2
N 2

c T3 =
3
4

s0

s

l = g N2

weak coupling 

strong coupling

Extendedto transport propertiesby Policastro,Sonand Starinets

´ =
¼
8

N 2
c T3
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Summary (Experiment)

Matter equilibratesquickly and behavescollectively

Little Bang, not little ¯zzle

Initial energydensity in excessof 10 GeV=fm3

Conditionsfor Plasmaachieved

Evidencefor strongly interacting Plasma(\sQGP")

Fast equilibration ¿0 ¿ 1 fm
Strong energylossof leadingpartons
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Part II: QCD at Finite Density

Nuclear Systems

T

mme

neutron gas

nuclear liquid
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QCD at Finite Density

Partition function

Z = Tr
h
e¡ ¯ (H ¡ ¹N )

i
¯ = 1=T N =

Z
d3x ÃyÃ

Path integral representation(euclidean)

Z =
Z

dA¹ det(iD= + i¹° 4)e¡ S =
Z

dA¹ eiÁ j det(iD= + i¹° 4)je¡ S

Sign problem: importance samplingdoesnot work

Also: No generaltheorems(a la Vafa-Witten)

Phasestructure much richer

(breakingof translational,rotational, parity, isospin,: : : symmetry)
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PerfectLiquids

sQGP

Trapped Fermi Gas

Neutron Star (Crab)
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Universality

What do thesesystemshavein
common?

dilute: r ½1=3 ¿ 1

stronglycorrelated: a½1=3 À 1

a

r

k �1
F

Neutron Matter

ann = ¡ 18 fm, r nn = 2:7 fm

0:001½0 · ½· 0:3½0

FeshbachResonancein 6Li

a1 = 45 a.u., k¡ 1
F » 103 a.u.

a = a1

³
1 +

¢
B ¡ B0

´
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Universality

Considerlimiting case(\Bertsch" problem)

(kF a) ! 1 (kF r ) ! 0

Universalequationof state

E
A

= »
³ E

A

´

0
= »

3
5

³ k2
F

2M

´

How to ¯nd »?

NumericalSimulations
Experimentswith trapped fermions
Analytic Approaches
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NeutronMatter on the Lattice
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AnalyticApproaches

Two body correlations: Sum particle-particle ladders

E
A

=
k2

F

2M
£

2(kF a)=(3¼)
1 ¡ 6

35¼(11 ¡ 2 log(2))( kF a) -1.5 -1 -0.5 0 0.5
1/kFa

-0.75

-0.5

-0.25

0
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1

E
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0

pp ladders
pp (fPP->2)

pp (fPP-> fPP)
pp (D ->    8)

�

��

��

�

�
�

�� � �� 	
�

SystematicApproach: Large d Expansion

» = 0:5 + O(1=d)
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Part III: QCD at Finite Density

Color Superconductivity

T

mme

superconductor

color
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Very DenseMatter

Considerbaryon density nB À 1fm¡ 3

quarks expectedto movefreely

Groundstate: cold quark matter (quark fermi liquid)

PF

PF

n(p)

p

only quarks with p » pF scatter
pF À ¤ QC D ! couplingis weak

No chiral symmetrybreaking,con¯nement,or dynamicallygenerated
masses
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Color Superconductivity

Is the quark liquid stable?

PF

P'
F �P

F

�P'
F

P P'

�P'
F

�P
F

F F
Dominant interaction:

UsesFermi surface

coherently

Attractive interaction leadsto instability

hqqi condensate,super°uidity/superconductivity, gap in fermion
spectrum, transport without dissipation

QCD: gluon exchangeattractive in ¹3 channel

3 £ 3 = 6S + 3A °ux reduced) attractiv e

Spin-°avor-color wavefunction

("# ¡ #") £ (ud ¡ du) £ (r b¡ br) s = 0; I = 0; c = ¹3
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PhaseDiagram:First Version

Plasma

T

m

Hadrons 

Nuclear 
Matter

E

1

2

st

nd

Why? Competition between

<qq> and <qq>

lattice results

Universality, 

1st order transition ends

E

critical endpoint (E) persistsevenif m 6= 0
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Lattice Results
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mB/MeV
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Nf=2, [FP]
Nf=2+1, [FK]
Nf=2, [All]
Nf=4, [EL]

[FK] Improvedre-weighting, [FP] imaginary chemicalpotential
[All] Taylor expansions
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PhaseDiagram:Freezeout
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Superconductivity

quark-quark scattering

(¹ À ¤ QC D )

Gapequation: doublelogarithmic behavior

¢( p0) =
g2

18¼2

Z
dq0

½
log

µ
bM

jp0 ¡ q0j

¶
+ : : :

¾
¢( q0)

p
q2

0 + ¢( q0)2

collinear log BCSlog

) ¢ 0 = 512¼4¹g ¡ 5 exp
µ

¡
¼2 + 4

8

¶
exp

µ
¡

3¼2
p

2g

¶
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¹ ! 1 : CFL Phase

ConsiderNf = 3 (mi = 0)

hqa
i qb

j i = Á ²abI ² ij I

hudi = husi = hdsi

hr bi = hr gi = hbgi

Symmetrybreakingpattern:

SU(3)L £ SU(3)R £ [SU(3)]C

£ U(1) ! SU(3)C + F

All quarks and gluonsacquirea gap

F
LL C C F

R R

<q  q  > <q  q  >
L L R R

... have to rotate right

flavor also !

Rotate left flavor Compensate by rotating

color

hÃL ÃL i = ¡h ÃR ÃR i
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PhaseDiagram:Nf = 3 QCD

Plasma

T

m

Hadrons 

(Hyper) Nuclear 
Matter

CFL Matter

H � superfluidity

<qq> <(qq)  >2

Quark HadronContinuity
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E®ectiveField
Theories

2p

QCD

HDET

Goldstone bosons

quasi�particles, holes, gluons

quarks, gluons

p = p
2 D

F

CFLChTh

F

Quantumchromodynamics

L = ¹Ã(iD= + ¹° 0)Ã ¡
1
4

Ga
¹º Ga

¹º

High density e®ectivetheory

L = Ãy
v (iv ¢D)Ãv ¡

¢
2

ÃT
¡ v CÃv ¡

1
4

Ga
¹º Ga

¹º + : : :

Chiral e®ectivetheory

L =
f 2

¼

4
Tr

h
r 0§ r 0§ y ¡ v2 ~r § ~r § y

i
+ Tr

¡
N yiv ¹ D¹ N

¢
+ : : :
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MassTerms:Match HDET to QCD

L = Ãy
R

M M y

2¹
ÃR + Ãy

L
M yM

2¹
ÃL

+
C
¹ 2 (Ãy

R M ¸ aÃL )(Ãy
R M ¸ aÃL )

L

R L

R L

M

M

R L

g

R
g

R R R RL

M MMM

g  MM2

++

masscorrectionsto FL parameters¹̂; vF and V ++ ¡¡
0
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MassTerms:Match HDET to CFLÂTh

Kinetic term: Ãy
L X L ÃL + Ãy

R X R ÃR

D0N = @0N + i [¡ 0; N ]; ¡ 0 = V0 +
1
2

¡
»X R »y + »yX L »

¢

r 0§ = @0§ + iX L § ¡ i§ X R

vector (axial) potentials

Contact term: (Ãy
R M ÃL )(Ãy

R M ÃL )

L =
3¢ 2

4¼2

©
[Tr(M §)] 2 ¡ Tr(M § M §)

ª

mesonmassterms
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PhaseStructureandSpectrum

Phasestructure determinedby e®ectivepotential

V (§) =
f 2

¼

2
Tr

¡
X L § X R § y¢

¡ ATr(M § y) ¡ B1
£
Tr(M § y)

¤2
+ : : :

V (§ 0) ´ min

Fermionspectrum determinedby

L = Tr
¡
N yiv ¹ D¹ N

¢
+ Tr

¡
N y°5½A N

¢
+

¢
2

n
Tr (N N ) ¡ [Tr (N )]2

o
;

½V;A =
1
2

½
»

M yM
2pF

»y § »y M M y

2pF
»
¾

» =
p

§ 0
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PhaseStructureandSpectrum
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PhaseDiagram:ms 6= 0

T

Hadrons 

Nuclear 

Plasma

Matter

m

E

E

2SC

CFL�K

CFL

exoticsnuclear
superfluid

p�CFLK, LOFF

Phasestructure at moderate¹ (and ms; ¹ e 6= 0) complicatedand
poorly understood. Systematiccalculations

m2
s ¿ ¹ 2; ms¢ ¿ ¹ 2; g ¿ 1

Useneutronstars to rule out certain phases

What are the most usefulobservables?
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Conclusion:The Many Phasesof QCD

high T

QGP 

low density
nuclear matter

large density

color superconductivity

high energy

color glas

large N

strings

conformal phase

clarge N

f

QCD
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