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Outline

² Introduction: Why Instantons?

correlators, e®ectiveinteractions,zeromodes

² Instantons,the ´ 0, and the Witten-Venezianorelation: large
baryon density

½¿ ¤ ¡ 1
QC D : semi-classicalapproximation undercontrol

² Instantonsand the large Nc limit

smooth large Nc limit? Witten-Venezianorelation?
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HadronicCorrelationFunctions

² hadroniccurrent j M (x) = ¹q(x)¡ q(x)

¦( x) = hj (x)j (0)i

² short distancebehavior: OPE

¦( Q) = c0 log(Q2) + c4
hO4i
Q4 + c6

hO6i
Q6 + : : :

² experimentalinformation

¦( Q) =
Z

ds
½(s)

s + Q2
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Vector Channels:½anda1

0 0.25 0.5 0.75 1
x [fm]

0

0.25

0.5

0.75

1

1.25

1.5

P
(x

)/
P

0
(x

)

r   Aleph
a1 Aleph
r   OPE
a1 OPE

r

a1

1+ a
p

2 4

2-(#<GG> - #<qq> )  x4

1+ a
p

-(#<GG> + #<qq> )  x

+/�  (L<�>R)

u

d

L

L

4



Scalar Channels:¼and±
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OZI violation: ´ 0¡ ¼, ¾¡ ±, ! ¡ ½, a1 ¡ b1
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Summary

² Only small e®ectsin ( ¹LL § ¹RR)2.

² Sign changesfor ¹LR $ ¹RL.

² Sign changesfor ( ¹ud)( ¹ud) $ ( ¹uu)( ¹dd).

L = G det
f

( ¹ÃL ÃR ) + (L $ R)
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Glueballs

² currents
OS = g2G2; OP = g2G ~G; OT = 1

4 g2(G¹º )2 ¡ g2G0®G0®

² OPE: power correctionssmall

¦ S;P (x) = ¦ 0
S;P

µ
1 §

¼2g
192

hf abcGa
¹º Gb

º ¯ Gc
¯ ¹ i x6 + : : :

¶

¦ T (x) = ¦ 0
T

µ
1 +

25¼2g2

9216
h2O1 ¡ O2i log(x2)x8 + : : :

¶

² Sum Rules

Z
d4x ¦ P (x) = Âtop ;

Z
d4x ¦ S(x) =

4
b

hg2G2i
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GlueballCorrelationFunctions
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Topologyin QCD

² classicalpotential is periodic in variable X

X
DX = +1

X = �1

V

D

X =
Z

d3x K 0(x; t)

@¹ K ¹ =
1

32¼2 Ga
¹º

~Ga
¹º
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² classicalminima correspond to pure gaugecon¯gurations

Ai (x) = iU y(x)@i U(x)

E 2 = B 2 = 0

² classicaltunnelingpaths: Instantons

r

X=0 t
X=1

E + B
2 2

Aa
¹ (x) = 2

´ a¹º xº

x2 + ½2 ;

Ga
¹º

~Ga
¹º =

192½4

(x2 + ½2)4 :
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² (Anti)Instantons: Dirac operator hasa L/R zeromode.

° ¢(@+ AI ;A ) Ã0
L;R = 0

² spectrum of Hamiltonian

t

e

R

R

L

L R

L

axial charge
violation:

¢ QA = 2
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² instanton inducedquark interaction (Nf = 2)

uL

dL dR

uR

L = G det
f

( ¹ÃL;f ÃR ;g )

G =
Z

d½n(½)

violatesU(1)A but

preservesSU(2)L;R

: : : and contributesto
the ´ 0 mass

² tunnelingrate (barrier penetrationfactor)

?

r

r

fluctuations large 

n(   )

fluctuations small

n(½) » exp
·
¡

8¼2

g2(½)

¸
» ½b¡ 5
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ChiralSymmetryBreaking

² spectrum of Dirac operator in gluon background

iD=Ã¸ = ¸Ã ¸ ; S(x; y) = ¡
X

¸

Ã¸ (x)Ãy
¸ (y)

¸ + im

² quark condensate

h¹qqi = i
Z

d4x htr (S(x; x)) i = ¡
Z 1

0
d¸ ½(¸ )

2m
¸ 2 + m2

h¹qqi = ¡ ¼½(¸ = 0) (B anks ¡ Casher)

) ÂSB connectedwith \almost"zero modes
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² ensembleof instantons: zeromodesmix

Dl=
(N/V)

<yy>

r(l)

l

iD= =

0

@ 0 TI A

TAI 0

1

A ;

² overlapmatrix elementsTI A

iD

iDy
I

iD y
A

1

A

I TI A =
Z

d4x Ãy
I (x ¡ zI )iD=ÃA (x ¡ zA )

» i (u ¢R̂)
(½I ½A )3

R4
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² width of the zeromode zone» averagematrix element

hjTI A j2i =
2¼2

3Nc

N ½2

V
:

² Gaussianensemble) spectral density is a semi-circle

½(¸ ) =
N

¼¾V

µ
1 ¡

¸ 2

4¾2

¶ 1=2

:

² Casher-Banksgives

h¹qqi = ¡
1

¼½

µ
3Nc

2
N
V

¶ 1=2

' ¡ (240MeV)3;
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ChiralPhaseTransition» Metal-Insulator Transition
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Digression:ExactResults

² weakcouplingresult for gluino condensatein N = 1 SUSY

ḩ a
®¸ a ®i = ¡ 6Nc¤ 3

P V

f

f f

f

l l

ll

y yy

y y

m

I,A

(alternative: usecaloronswith non-trivial holonomyat ¯ ! 0)

² large Nc: planar equivalence(N = 1 SUSY$ Nf = 1 QCD)

h¹ÃÃi = ḩ a
®¸ a ®i (1 + O(1=Nc))
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ChiralSymmetryBreakingon the Lattice
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Chirality-Chirality andChirality-TopologyCorrelationFunctions

hqL (0)qL (x)i hqL (0)G ~G(x)i

T. DeGrand,A. Hasenfratz,Phys.Rev.D64:034512,2001
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SizeDistribution
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InstantonEnsemble

² instanton liquid described by partition function

Z = 1
N I !N A !

Q N I + N A
I

R
[d­ I n(½I )]

£ det(D=) exp(¡ Sint )

² quark propagator

S(x; y) =
X

I J

ÃI (x)
µ

1
T + im

¶

I J
Ãy

J (y) + SN Z M (x; y)
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Example:Scalar Glueball

² short distance:dilute gasapproximation

¦ S(x) =
2932

¼2

Z
d½n(½)

Z
d4z

½8

[(x ¡ z)2 + ½2]4[z2 + ½2]4

¦ S (Q2) = 25¼2
Z

d½n(½) (Q½)4 [K 2(Q½)]2

² long distance:multi-instanton e®ects

Z
d4x ¦ S(x) =

4
b

µ
N
V

¶
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MesonCorrelationFunctions
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V§ A CorrelationFunctions
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Instantonsand the Massof the ´ 0:

LargeBaryon Density
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QCD at LargeDensity (Nf = 2)

² schematicphasediagram

T

m

<qq> <qq>

diquark condensatebreaks
U(1)B and U(1)A

hqL qL i = ½ei (Â+ Á)=2

hqR qR i = ½ei (Â¡ Á)=2

² e®ectivelagrangianfor U(1)A Goldstoneboson

f

r

L = f 2

2

£
(@0Á)2 ¡ v2(@i Á)2

¤

¡ V (Á + µ) + L (½;Â)

V (Á + µ) vanishesin perturbation theory
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´ 0 Massat LargeBaryon Density (Nc = Nf = 2)

² instanton inducede®ectiveinteraction for quarks with p » pF

uL

dL dR

L/R

uR

�1q

q
n(½;¹ ) = n(½;0) exp

£
¡ Nf ½2¹ 2

¤

½» ¹ ¡ 1 ¿ ¤ ¡ 1
QC D

² instanton contribution to vacuumenergy

D

L

L R

R

D GI

hLi = A cos(Á + µ)

A = CN ©2
£
log

¡ ¹
¤

¢¤4
³

¤
¹

´ 8
¤ ¡ 2

² ´ 0 masssatis¯es\Witten-V eneziano"relation f 2m2
Á = A
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² very dilute instanton gas

RD ½¿ r I A ¿ RD

½» ¹ ¡ 1

r I A = A1=4

RD = m¡ 1
Á

² A is the local topologicalsusceptibility

A = Âtop (V ) =
hQ 2

top i V

V r 4
I A ¿ V ¿ R4

D

² Globaltopologicalsusceptibility vanishes

Âtop = limV !1
hQ 2

top i V

V = 0 (m = 0)
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² extrapolate to zerodensity
¡

N
V

¢
» 1fm¡ 4 m0

´ » 800MeV

² Instantonspredict density dependenceof m´ 0

can be checked on the lattice
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Instantonsand the Massof the ´ 0:

LargeNumber of Colors
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QCD at LargeNc

² QCD (m = 0) is a parameterfree theory. Very beautiful.

But: No expansionparameter

² 't Hooft: ConsiderNc ! 1 and use1=Nc as a small parameter

Nc ! 1 ) classicalmaster ¯eld

² keep¤ QC D ¯xed ) g2Nc = const

g

g

Nc

² Could the master¯eld be a multi-instanton?

Witten : No! dn » exp
³

¡ 1
g2

´
» exp(¡ Nc)
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U(1)A Anomalyat LargeNc

² considerµ term

L =
ig2µ
32¼2 Ga

¹º
~Ga

¹º

² no µ dependencein perturbation theory.

Witten: non-perturbative µ dependence

Âtop =
d2E
dµ2

¯
¯
¯
¯
µ=0

» O(1)

² masslessquarks: topologicalcharge screening

limm ! 0 Âtop = 0
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² How can that happen? Fermionloopsare suppressed!

g  GG2 ~
g  GG2 ~

g  GG2 ~

g  N  
8 3

c
1

cN

g  GG2 ~

g  N      1
4 2

c

Witten: ´ 0 has to become light

f 2
¼m2

´ 0 = 2Nf Âtop (no quarks) ) m2
´ 0 = O(1=Nc)

² Witten-Venezianorelation \w orks"

Âtop ' (200MeV)4 (quenched lattice) ) m´ 0 ' 900MeV
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Instantonsat LargeNc

² semi-classicalensembleof instantonsat large Nc

color

space

coordinate space

instantonsare Nc = 2

con¯gurations
¡

N
V

¢
= O(Nc)

) ²vac = O(bNc) = O(N 2
c )

² instantonsare semi-classical

½' ½¤ = O(1) Sinst = O(Nc)

² density dn » exp(¡ Sinst ) = O(exp(¡ Nc))?

NO! large entropy dn » exp(+ Nc)

² topologicalsusceptibility Âtop ' (N=V) = O(Nc)?

NO! °uctuations suppressed Âtop = O(1)
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InstantonEnsemble

instanton ensemble described by partition function

Z = 1
N I !N A !

Q N I + N A
I

R
[d­ I n(½I )]

£ exp(¡ Sint )

n(½) = CN c

³
8¼2

g2

´ 2N c

½¡ 5 exp
h
¡ 8¼2

g(½)2

i

CN c = 0:47 exp( ¡ 1:68N c )
(N c ¡ 1)!( N c ¡ 2)!

8¼2

g2 (½) = ¡ blog(½¤) ; b = 11
3 Nc

Sint = ¡ 32¼2

g2 juj2
n

½2
I ½2

A
R 4

I A

¡
1 ¡ 4cos2 µ

¢
+ Scor e

o
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² complicatedensemble,sizedistribution

n(½) »

8
<

:
exp(¡ Nc) ½< ½¤

const ½» ½¤
½¤ » O(1)

² total density determinedby interactions

S(1 ¡ body) » S(2 ¡ body)
Nc » Nc £ 1

N c
£

¡
N
V

¢

classical » classical £ color overlap£ density

² conclude

µ
N
V

¶
= O(Nc)

37



instanton sizedistribution
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°uctuations in N are 1=Nc suppressed

hN 2i ¡ hN i 2 = 4
bhN i » O(1) (not O(Nc)!)

alsotrue for topologicalcharge

hQ2i = 4
b¡ r (b¡ 4) hN i » O(1)
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globalobservables:(N=V); h¹qqi ; Âtop
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mesoncorrelation functions(¼; ½;́ 0)
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mesonmasses:m2
¼; m2

½ » 1; m2
´ 0 » 1=Nc

2 3 4 5 6 7
Nc
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m
2  [G

eV
2 ] mp

mr
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Note: m2
´ 0 » 1=Nc eventhough (N=V) » Nc
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Summary

² instantonsprovidei) simplepicture of chiral symmetrybreaking
and ii) successfulphenomenologyof non-perturbativee®ectsin
QCD correlation functions

² nice examplefor semi-classicalinstanton liquid: QCD at large
baryon density.

can be studiedon the lattice

² instanton liquid can havea smooth large Nc limit
¡

N
V

¢
= O(Nc); Âtop = O(1); m2

´ 0 = O(1=Nc)
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