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2 Introduction: Why Instantons?

carelatas, e®ectivanteractions,zeromodes

2 |nstantons,the ~ % and the Witten-Venezianarelation: large

baryon densiy

72¢, Bncp: semi-classicaappoximation undercontrol

2 Instantonsand the large N limit

smaooth large N¢ limit? Witten-Venezianarelation?



HadronicCarelation Functions

2 hadroniccurrentjy (X) = g(x)i q(x)

..... ( x) = h(x)](0)

2 shat distancebehavia: OPE

Oyl hGsi
(@)= c0log@) + ey + G gg' b
2 experimentalinformation
£ %)
( Q)= ds
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Summay
2 Only smalle®ectsin (EL § RR)?2.
2 Signchangedor LR $ RL.
2 Sign changedor (4d)(d) $ (Gu)(dd).

L = Gdfet(ALAR) +(L$ R)




Glueballs

2 currents
Os = g°G?; Op = ¢°GG; Or = 20°(Gw )* i 9°GoeGoe

2 OPE: power carectionssmall

u 1
. .
| sip(X) = g;P 18 %gh‘ beGa GO-GE, ix8+ :::
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7
1+ 25/49 01 i O, log(x?)x®+ :::
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2 SumRules

Z Z
4} 6 (%) = Aup: d'x} s(x) = hPG?



GlueballCarelation Functions
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pattern explainedby self-dual elds G2 = § GG



Topologyin QCD

2 classicalpotential is periodic in variable X

Vv

X =  dPxKo(x;t)

@K. = 321/36

10



2 classicalminima carrespond to pure gaugecon gurations

\/ Ai(x) = iUY(x)@U(x)

2 classicaltunneling paths: Instantons
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2 (Anti)Instantons: Dirac operata hasa L/R zeromode.

2 gpectrum of Hamiltonian
@ e
= o
____________ \\~\\\‘-—-____ '_____

. T .
®
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° (@ Aa)AlR =

R axial chage
/ violation:
g ¢ Qp = 2



2 Instanton inducedquak interaction (N = 2)

violatesU (1) but

u, Ug N

preservessU(2)r
/ \ z : 1 and contributesto
= dn(3 the “®mass
d, dr
2 tunnelingrate (barrier penetrationfactor)
A
fluctuations large
L . o
n(r ) S NV » exp j i » A1 O

~ g° (¥
%ctuations small

r
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Chiral SymmetryBreaking

2 gpectrum of Dirac operata in gluon background

X _ XA (A (y)

DA = A ; S(X;y) = i T im
2 guak condensate
Z Z 4
=0 dixhr(Seex)i= i d v )2
hiﬂ'" X r( (X1X))I_| . 5 (s)bz_l_mz

g = | Y44, = 0) (Banksj Casher)

) ASB connectedwith \almost"zero modes
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2 ensembleof instantons: zero modesmix

0 1
() T @ 0 TI A A -
TA| O
2 overlapmatrix elementsT, 5
Z
I 1 TIA — d4X A?’(X A )lD:AA (X | ZA)

\im iD yA
P (1/121/;2\)3

A » i(u¢R)
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2 width of the zeromode zone» averagematrix element

2V NY3

2. _
NTia]1 = 3N, V

2 Gaussiarensemble spectral densiy is a semi-circle

N u 2 ﬂ1:2
A=y Yime
2 Casher-Bankgives
M Ti=
C 1 3N¢ N : 3.
B =i, 5 vy i (240MeV)3;



ChiralPhaseTransition» Metal-Insulato Transition

hai 6 O hgi = O

hadronic phase guark gluon plasma
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Digression:Exact Results

2 weak couplingresult for gluino condensatan N = 1 SUSY

h&. 2% =i 6Ny "
| \X
y 'y
f f
(alternative: usecalaonswith non-trivial holonomyat ! 0)

2 large N¢: plana equivalencdN = 1 SUSY$ N = 1 QCD)

MAI = h &, 2% (1+ O(1=N,))
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Chiral SymmetryBreakingon the Lattice
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chirality dsitribution from T. Blum et al., [hep-1at/0105006]

19



Chirality-Chiraliyy and Chirality-Topology Carelation Functions
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SizeDistribution
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InstantonEnsemble

2 Instanton liquid descriked by partition function

>
® 7 @ z= 1 O Ry gy,

N INa! |

D 9 £ det(B) exp(i Sint )

2 guak propagata

X M 1

- 1 -
S(x;y) = A (X) T m AJ(y) + Snzm (X Y)
1 ] | J
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Example:Scala Glueball

2 shat distance:dilute gasapproximation

Z L 18

A R TR Ui

/
| s(Q%) = 2592 d¥er¥) (QW* [K 2(QWA)°

2 long distance: multi-instanton e®ects

A TR

N
d4x: s(X) = V2

ol b
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MesonCarelation Functions

P (X)/P ,(x)
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V8§ A Carelation Functions
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o § ] & 1| = Instanton 5000
Zo0.1- <§>,<,>/i?7 ” ~. llo OPE ,6° o,
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chiral symmetry breaking perturbation theory;

renormalons etc
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Instantonsand the Massof the “ &

Large Baryon Densiyy
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QCD at Lage Densiyy (Ns = 2)

2 schematicphasediagram

T diguak condensatdreaks
U(l)B and U(l)A

— T O | = 1/zei (A+ A)=2
<qq> <qg>

O oRi = Ve (A A2

2 e®ectivdagrangianfor U(1), Goldstoneboson

i2E 2 2 AAN2
L= > (@A) v (@A
i V(A+ ) + L(%A)

V (A+ ) vanishesn perturbation theory
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"9 Massat Large Baryon Density (N = Nt = 2)

2 Instanton inducede®ectivanteraction for quarks with p » pg

= o]
n(21) = n(¥20)exp j N Y412
U UR

S S
P \\ oy 1115 Qi(gcl:D
d. dr

2 |Instanton contribution to vacuumenergy
L : hLi = A cogA+ )

£ i,¢g° s
A=Cy©@log L * 2 gi2

(0]
L R

2~ Omasssatis es\Witten-V eneziano'relation| f “mz = A
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2 verydilute instantongas
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Y2¢, ia ¢ Rbp

lyy 1] 1

2 A Is the local topologicalsusceptibiliy

A= Awp (V) = Riop

V

N A
Rp

i

2 Globaltopologicalsusceptibiliy vanishes

Atop = limy 1y

thzop iV — O
V
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2 extrapolate to zerodensiy
i C .
N o» 1fmi? m? » 800MeV

2 Instantonspredict densiy dependenceof m-o

can be checled on the lattice
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Instantonsand the Massof the “ &

Large Number of Colas
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QCD at Large N

QCD (m = 0) is a parameterfreetheay. Very beautiful.

But: No expansiorparameter

't Hooft: ConsiderN;! 1 andusel=N. asa smallparameter

Ne! 1 ) classicalmaster eld

keepoocp xed) g°N¢ = const

[T <ICkD

Couldthe master eld be a multi-instgnton,?

1

Witten : No! dn» exp j 7 exp(i N¢)
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U(1)» Anomalyat Large N

2 considery term

0°H 4 ~a

L = 10 10
32V%

2 no Y dependencan perturbation theary.

Witten: non-perturbative p dependene@

2 masslesgiuarks: topologicalchage screening

M m OAtop =0
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2 How canthat happen? Fermionloops are suppessed!

g Geiiiii;?g GG g GG:::E:;E e

/V /\/7
g'Nv1 N

Witten: ~° hasto become light
fZm2, = 2N Ap (Noquarks) ) m?, = O(1=N,)
2 Witten-Venezianarelation \w orks™
Awp ' (200MeV)* (quenchel lattice) ) m-o' 900MeV
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Instantonsat Large N

semi-classicaénsembleof instantonsat large N

S © ® instantonsare N =

= (&) © (*) ponq:_gurations

DI "N = o(NG)
@® o ) 2yac = O(bN;) = O(N2)

coordinate space

Instantonsare semi-classical
' 5 = 0(1) Sihet = O(Ng)
densiy dn » exp(j Sinst ) = O(exp(i N¢))?
NO! large entropy dn » exp(+ N¢)
topologicalsusceptibiliy Ay * (N=V) = O(N¢)?
NO! °uctuations suppressél Ay, = O(1)
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InstantonEnsemble

Instanton ensemble

© @

TS

n(%3 = Cy,

C — 0:47exp(j 1:68N¢)
Ne = "(Nci DI(N¢i 2)

32V

Sint = i “grJuj’

descriled by partition function

Q R
Z= s oA [d- i n()]
£ exp(i Sint )
g2 “Ne s n 8Y4 !
924 727 exp | 9(1/492
245 = i blog(¥®); b= YN
r‘]1 2 ¢ 0
% I]-i 4C052U + Score
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2 complicatedensemblesizedistribution
8

<
exp(i N o< 15
n(l/) » p(l c) 2 2 18 O(l)
- const Yoy Y5

2 total densiy determinedby interactions

S(1j body) » S(2i body) .
N > N £ N—lc £ ! %
classial » classi@l £ color overlap £ density

¢

2 conclude
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Instanton sizedistribution

3
e SU(2) * .
ISU(3) * P
¢ SU®4)
5 -
1.0°10 2T *
— + =
< 5 .
c
4 1 P
5.0010 ° *
. |
[ )
=
° n ¢
* -
*
o X 0 "_' R | I
00 O-B-O-BEEA 72} 0 2 4 6 8 10

B. Lucini, M. Teper

°uctuations in N are 1=N. suppessed

N2 | INi2= 4N » O(1)

(not O(N¢)Y)
alsotrue for topologicalchage

Q2 = prdNi » O(1)
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§

Crop » (NIV) , <00 [L

global observables(N=V); hgqi ; Ayp
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P (x) P ,(X)

mesoncorrelation functions (¥4 %27 9)
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mesonmassesmz,; m2» 1; m?, » 1=N,

0.6 | | i
B
0.4 -
_ m
S © p
S [ (oM )
NE mh'
0.2 =
----- D T O
| | | |
0
2 3 4 5 6 7
NC

Note: m?%, » 1=N. eventhough (N=V) » N
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Summay

2 Instantonsprovidei) simplepicture of chiral symmetrybreaking
and i) successfuphenomenologywf non-perturbative e®ectsn
QCD carelation functions

2 nice examplefor semi-classicanhstantonliquid: QCD at large
baryon density.

can be studiedon the lattice
2 Instanton liquid can havea smaooth large N limit

i ¢ R
& = O(Ny); Awp = O(); m?, = O(1=N,)
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